Transversely isotropic materials or hexagonal crystals are commonly utilized in various engineering fields; however, dislocation solutions for such special materials have not been fully developed. In this paper, we present a comprehensive study on this important topic, where only Volterra dislocations of the translational type are considered. Based on the potential theory of linear elasticity, we extend the well-known Burgers displacement equation for an arbitrarily shaped dislocation loop in an isotropic elastic full space to the transversely isotropic case. Both the induced displacements and stresses are expressed uniformly in terms of simple and explicit line integrals along the dislocation loop. We introduce three quasi solid angles to describe the displacement discontinuities over the dislocation surface and extract a simple step function out of these angles to characterize the dependence of the displacements on the configuration of the dislocation surface. We also give a new explicit formula for calculating accurately and efficiently the traditional solid angle of an arbitrary polygonal dislocation loop. From the present line-integral representations, exact closed-form solutions in terms of elementary functions are further obtained in a unified way for the displacement and stress fields due to a straight dislocation segment of arbitrary orientation. The non-uniqueness of the elastic field solution due to an open dislocation segment is rigorously discussed and demonstrated. For a circular dislocation loop parallel to the plane of isotropy, a new explicit expression of the induced elastic field is presented in terms of complete elliptic integrals. Several numerical examples are also provided as illustration and verification of the derived dislocation solutions, which further show the importance of material anisotropy on the dislocation-induced elastic field, and reveal the non-uniqueness feature of the elastic field due to a straight dislocation segment.
Introduction
On the mesoscopic scale, dislocations play a crucial role in understanding the plasticity and strength of crystalline materials. As a powerful tool in mesoscale simulation, three-dimensional (3D) dislocation dynamics (DD) predicts macroscopic properties of crystals by directly simulating the interaction and evolution of large groups of discrete and randomly distributed dislocation lines within crystals in response to external loads (Kubin et al., 1992; Devincre and Condat, 1992; Zbib et al., 1998 Zbib et al., , 2000 Rhee et al., 1998; Verdier et al., 1998; Schwarz, 1999; Ghoniem and Sun, 1999; Ghoniem et al., 2000; Cai et al., 2004; Wang et al., 2006; Arsenlis et al., 2007) . For instance, DD simulations have been successfully utilized to study the effect of cross-slip and shortrange interactions on dislocation patterning (Devincre and Kubin, 1997; Devincre et al., 2001; Madec et al., 2002) , the role of collinear dislocation interaction in multislip hardening of fcc metals (Madec et al., 2003) , the plastic anisotropy of flow stress in fcc single crystals (Wang et al., 2009) , the size-dependence of flow stress in fcc metallic micro-pillars under uniaxial loading in the absence of strain gradients (Senger et al., 2008; Weygand et al., 2008) , the difference in dislocation behavior and strengthening mechanism between fcc and bcc sub-micrometer pillars under uniaxial compression (Greer et al., 2008) , the size-dependent plasticity in polycrystalline thin films (von Blanckenhagen et al., 2004; Espinosa et al., 2006; Zhou and LeSar, 2012) .
In 3D-DD simulations, dislocation lines are discretized into a set of straight or curved dislocation segments of arbitrary orientations with general Burgers vectors. The computation of long-range pair interactions among these dislocation segments is very timeconsuming, mostly on the evaluation of the stress field of one segment on another segment. For the sake of computational simplicity and time efficiency, nearly all DD simulations assume linear-elastic isotropy in spite of the fact that most of the crystalline materials exhibit anisotropy. Attempts were made to release this constraint by assuming general anisotropy in DD simulations (Rhee et al., 2001; Han et al., 2003) . Particularly, Capolungo et al. (2010) introduced transverse isotropy in their DD simulations and found a substantial effect of the elastic anisotropy on strain hardening of hcp metals. In their work, they used Mura's formula (Hirth and Lothe, 1982) in anisotropic elasticity to calculate the stress field of dislocation segments in hcp metals. However, for the special case of hexagonal crystals, a numerically efficient stress formula in terms of simple line integrals can be developed.
Line-integral representations of the elastic field in crystals due to an arbitrarily shaped Volterra dislocation loop have attracted a great deal of attention due to their direct applications in 3D-DD simulations. For an arbitrary dislocation loop located in an isotropic elastic full space, the Burgers displacement equation (Burgers, 1939) and Peach-Koehler stress formulae (Peach and Koehler, 1950; deWit, 1960; Devincre, 1995) are the well-known line-integral solutions for the induced displacement and stress fields, respectively. For a generally anisotropic material which occupies the full space, once the associated Green's tensor is known, the Mura's formula enables us to express the gradient of displacements due to an arbitrary dislocation loop in terms of line integrals over the dislocation loop (Mura, 1963) . Indenbom and Orlov (1967) generalized the work of Lothe (1967) and Brown (1967) by expressing the elastic distortions of a general dislocation loop in an anisotropic full space in terms of straight dislocations; they also converted the corresponding displacement field of such a dislocation loop to an elegant line-integral along the dislocation loop, with the integrand itself being also a single integral (Indenbom and Orlov, 1968) . Willis (1970) expressed the distortions due to an infinite (or a finite) straight dislocation line in an anisotropic full space analytically in terms of the roots of a sextic equation; similarly Wang (1996) discussed the corresponding curved dislocation problem. Chu et al. (2011) derived a single-integral expression for the displacement field due to a dislocation loop of triangular shape in infinite anisotropic crystals. For a dislocation loop located in the basal plane of a hexagonal crystal, both the induced displacements and stresses can be transformed into explicit line integrals (Chou and Yang, 1973; Tupholme, 1974) . In addition, Yu and Sanday (1994) derived analytical displacement solutions due to an infinitesimal dislocation loop of arbitrary orientation in a transversely isotropic full space. Ohr (1972 Ohr ( , 1973 ) also obtained the elastic field solutions due to a prismatic or glide circular dislocation loop within the basal plane of an infinite hexagonal crystal.
Among various anisotropic materials, the transversely isotropic material is the only one whose Green's tensor takes a simple and explicit form. However, for an arbitrary Volterra dislocation loop in a transversely isotropic full space, an explicit line-integral formula for the induced displacement field, which resembles the Burgers displacement equation in the isotropic case, is still unavailable in the literature. In this paper, we attempt to fill this gap via the potential theory of linear elasticity and solve the displacement and stress fields in a transversely isotropic full space produced by (i) a Volterra dislocation loop of arbitrary shape and orientation; (ii) a straight dislocation segment of arbitrary orientation; (iii) a circular dislocation loop parallel to the plane of isotropy.
The present paper is organized as follows. In Section 2, for a simple Volterra dislocation loop which is mathematically defined in Eq. (7), we derive a line-integral representation of the induced displacement field in terms of three potential functions. As verification, in Section 3, our displacement solution is successfully reduced to the well-known Burgers displacement expression in the isotropic case. In Section 4, the line-integral expressions of the stresses due to a simple dislocation loop are then deduced from the displacement solution by virtue of the stress-displacement relations. In Section 5, the derived displacement and stress solutions are further simplified and expressed uniformly in terms of simple line integrals over the closed dislocation curve. Furthermore, the simplified elastic field solutions are reformulated via the principle of superposition so that they are applicable also to the case of complex dislocation loops. In Section 6, the general line-integral solutions for an arbitrary dislocation loop are utilized to develop exact closed-form solutions for a straight dislocation segment of arbitrary orientation. Moreover, the non-uniqueness feature of the dislocation segment solution is well demonstrated. A new explicit formula is also presented for calculating accurately and efficiently the traditional solid angle of an arbitrary polygonal dislocation loop. In Section 7, based on the general solutions, we deal with a circular dislocation loop parallel to the plane of isotropy and obtain a new explicit expression of the induced elastic field in terms of complete elliptic integrals. In Section 8, several numerical examples are provided to validate the present dislocation solutions, and to illustrate the non-uniqueness feature of the displacement and stress fields induced by a straight dislocation segment. Concluding remarks are drawn in Section 9.
Displacement field due to a simple dislocation loop
In the Cartesian coordinate system (x 1 , x 2 , x 3 ) (see Fig. 1 ), according to the theory of dislocations, the elastic displacement field induced by a Volterra dislocation loop C of arbitrary shape and orientation, which bounds some curved surface A, can be expressed as (Hirth and Lothe, 1982) 
where u m (x) is the mth component of the displacement vector at x (x 1 , x 2 , x 3 ), and u km (y;x) is the Green's tensor, denoting the kth component of the displacement vector at y (y 1 , y 2 , y 3 ) due to a unit force in the mth direction applied at x (x 1 , x 2 , x 3 ). c ijkl is the elastic stiffness tensor, b j is the jth component of the Burgers vector b, and dA i at y (y 1 , y 2 , y 3 ) is the ith component of the vector area element dA. The positive normal of dA is associated with the positive direction of the dislocation curve according to the right-hand rule (Fig. 1 ). Note that, in this paper, summation over a repeated (or multirepeated) index is assumed unless this index occurs on both sides of an equation (or a relation). Also, the range of the Roman indices i, j, k etc. is from 1 to 3, and that of the Greek ones a, b, j etc. is from 1 to 2, unless otherwise specified. Fig. 1 . Illustration of two types of simple dislocation loops in Cartesian coordinate system: Type-I shows a generally oriented loop, and Type-II shows a specially oriented loop which lies on a cylindrical surface with its generatrix parallel to the x 3 -axis.
For a transversely isotropic material, if the plane of isotropy is assumed to be parallel to the x 1 -x 2 plane, then the elastic stiffness tensor c ijkl can be expressed as (Pan and Chou, 1976) 
where d ij is the Kronecker delta, and a n (n = 1,2, . . . , 5) are related to the contracted elastic stiffness constants c pq (p, q = 1,2, . . . , 6) as
Based on the potential theory of linear elasticity, the Green's tensor u ij (y;x) for a transversely isotropic full space can be expressed compactly in terms of the potential functions v i (y;x) as (Fabrikant, 2004) We emphasize that, throughout this paper, multi-valued functions ln z and p z take values in their own single-valued analytic branches which satisfy Àp < Im(ln z) < p and Re( p z) > 0 with Àp < arg(z) < p respectively, where ''Re'' or ''Im'' denotes the real or imaginary part of a complex number, and ''arg'' means its argument.
Under the above preliminaries, we now begin our simple derivation. Firstly, substitution of Eq. (2) into Eq. (1) gives 
together with the symmetry properties of the Green's tensor in a full space u ij ðy; xÞ ¼ u ij ðx; yÞ ¼ u ji ðy; xÞ or
we finally obtain the displacement field of a simple dislocation loop as 
where use has been made of the following relation (Fabrikant, 2004) 
We now consider the case of multiple roots in Eq. (6). When
where v 0 and R 0 are defined in Eqs. (8) and (9) 
where X 0 is defined in Eqs. (16a,b), again, with the index ''0'' in place of ''i'' there. Eqs. (20a, b) give the displacement field for the degenerate case of c 1 = c 2 > 0.
For isotropic materials, we have
By virtue of Eq. (21), Eq. (20a,b) can be reduced exactly to the Burgers displacement equation (Hirth and Lothe, 1982) .
Stress field due to a simple dislocation loop
The dislocation-induced stresses can be derived from Eqs. 
Thus, we need to calculate the spatial derivatives of the quasi solid angle X i as follows 
When deriving Eqs. (24a,b), use has been made of the following identities (Hirth and Lothe, 1982) 
dy 3 ð27bÞ
Eqs. (27a-c) can be easily proved via Eqs. (10a) and (12). Eq. (27c) is needed in later derivation.
It can be verified that, in the transversely isotropic case, our stress formulae in Eqs. (24a-c) are simpler and more efficient than the Mura's formula (Hirth and Lothe, 1982) after substituting Eq. (4) into it. We also point out that a similar limiting process as in Section 3 can be followed if one is interested in the stress field for the degenerate case of c 1 = c 2 > 0.
We should keep in mind that, although the displacements and stresses in terms of line integrals over the closed dislocation loop have to satisfy the stress-displacement relations (22), their corresponding integrands do not necessarily satisfy such relations. In addition, Eqs. (27a-c) are generally valid for a ''closed'' loop, but may not be if otherwise. This implies the non-uniqueness of the integrands of the line integrals in Eqs. (14a,b) and (24a-c), and thus the non-uniqueness of the displacement and stress fields due to an ''open'' dislocation segment (see, e.g., Hirth and Lothe, 1982; Wang, 1996; Paynter et al., 2007; Yin et al., 2010) . This issue will be further illustrated in Section 8.
In summary, Eqs. (14a,b) (Eqs. (20a, b) for the degenerate case) and Eqs. (24a-c) are, respectively, the displacement and stress fields induced by a simple Volterra dislocation loop of arbitrary shape with a constant Burgers vector in a transversely isotropic elastic full space. However, the derived solutions are expressed explicitly in terms of the potential functions v i defined in Eq. (8), which is only suitable for a simple dislocation loop. As such, we further simplify, clarify and generalize these solutions by eliminating v i in the next section. ðb n e 3gj þ b g e 3nj ÞJ 3 0;3j 
Further simplification and generalization of the elastic field solution
where the coefficients f i , g i and h i are defined the same as those in Eq. (25), and
in which S(x 1 , x 2 ) and C pn (x 1 , x 2 ) are defined in Eq. (7) and also illustrated in Fig. 1 , and sgnhxi is the sign function, and
Also in Eqs. (28a)-(29c),
We further point out that in the derivation of Eq. (28a), use has been made of the relation (27c).
Thus, by eliminating the three potential functions v i from Eqs.
(14a,b) and Eqs. (24a-c), we have achieved an alternative yet more explicit solution of the elastic field due to a simple dislocation loop, as given in Eqs. (28a)-(29c).
It is observed from Eqs. (28a,b) and Eq. (30) that, for a simple dislocation loop of Type-I described by Eq. (7), the displacement discontinuities over the dislocation surface are totally attributed to the function U, which is extracted from the quasi solid angle X i , i.e.,
However, for a simple dislocation loop of Type-II, we can see that U = 0, and thus it is the other part on the right hand side of Eq. (33) that contributes to the displacement discontinuities over the dislocation surface.
Moreover, we emphasize that, in Eqs. (28a,b), the function U defined in Eq. (30) is the only term which depends upon the configuration of the dislocation surface bounded by the dislocation loop. Therefore, we can conclude that: (i) the stress field solutions (29a-c) are generally valid for an arbitrary dislocation loop, whether simple or complex; (ii) the displacement field solutions (28a,b) are also applicable to a complex dislocation loop, provided that one can express function U of this complex loop as a superposition of functions U's of its constituent simple-loops (see Fig. 2 for example). This is feasible due to the existing simple and explicit form of Eq. (30) for a simple dislocation surface.
The function U we introduced possesses certain attractive features and it can be very convenient in analyzing the dislocation-induced elastic field. As an illustration, let us consider an assembly of simple and complex dislocation loops. We introduce a finite cylinder which is parallel to the x 3 -axis and just contains all the dislocation surfaces in it, with its top on the plane x 3 = x 3max and its bottom on the plane x 3 = x 3min and its side on the cylindrical surface F(x 1 , x 2 ) = 0, as shown in Fig. 3 . Based upon the principle of superposition, function U makes no contribution to the displacement field outside the cylindrical surface (i.e., F(x 1 , x 2 ) > 0 in Fig. 3 ). However, it is not the case inside the cylindrical surface (i.e., F(x 1 , x 2 ) < 0). For example, for all the field points above the top (or similarly below the bottom) which lie on a line parallel to the x 3 -axis, function U contributes a constant 2np to the displacements, with n being some integer. Furthermore, it can be easily proved that, at infinity, the quasi solid angles become zero. Due to the above facts, we can derive an alternative expression for U 
It can be seen that the function U given in Eq. (34) is now independent of the configuration of the dislocation surface, whether simple or not; and it actually applies to all the field points outside the finite cylinder. We can thus conclude from Eqs. (28a,b) and (34) that, the closed dislocation lines themselves totally determine the induced displacement field outside the finite cylinder which is parallel to the x 3 -axis and circumscribes the dislocation-loop assembly.
As an immediate application of our general elastic field solutions (28a)-(29c), we now consider a planar dislocation loop of arbitrary shape which is parallel to the plane of isotropy and lies on the plane x 3 = x 3const . In this special case, Eqs. (28a)-(29c) can be considerably simplified to Fig. 3 . An assembly of simple and complex dislocation loops which is circumscribed by a finite cylinder parallel to the x 3 -axis. 
It can be easily shown that, Eqs. (35a)-(36c) are mathematically identical to those derived by Tupholme (1974) , and that our solutions are more explicit. Particularly, in our Eqs. (35a,b) , the terms accounting for displacement discontinuities over the dislocation surface are separated naturally from the regular parts. If the dislocation loop is a circular one, then Eqs. (35a)-(36c) can be integrated analytically in terms of complete elliptic integrals, as will be shown in Section 7.
6. Elastic fields due to a straight dislocation segment of arbitrary orientation
We now consider a directional straight dislocation segment AB which begins at A (x 1A , x 2A , x 3A ) and ends at B (x 1B , x 2B , x 3B ). We express AB in terms of a parameter t as
Without loss of generality, we assume that AB lies on a closed simple dislocation loop C generally defined in Eq. (7), and goes along the positive direction of this loop.
As discussed in Section 4, although the closed dislocation loop C always induces a unique elastic field, the open dislocation segment AB taken out of this loop yields non-unique solutions (see, e.g., Hirth and Lothe, 1982; Wang, 1996) . Due to the above fact, we stipulate that the displacement and stress fields of the dislocation segment AB share the same form with those of the dislocation loop C, as given in Eqs. (28a)-(29c). However, the involved integrals originally defined in Eqs. (30) and (32) have to be integrated along the straight segment AB, rather than the closed loop C.
From the original integrals on C in Eqs. (30) and (32), we can also obtain the corresponding integrals on AB asŨ
where S(x 1 , x 2 ) is defined the same as that in Eq. (30), and
where the over-arrow ''?'' denotes a directional straight dislocation line, and
in which
and
Note that l i (or d i ) is the length of the vector l i (or d i ) and should not be confused with the ith component of this vector.
According to the properties of the integrals defined in Eq. (40), three orientation cases of AB are considered in detail as follows.
Case 1. A straight dislocation segment normal to the plane of isotropy (l pn = 0)
In this case, we assume that AB lies on the intersection of two planes x a = x aconst , where x aconst are two constants. 
The involved functionsĨ andJ in Eqs. (43a)- (44c) can be reduced to two types of integrals below (Gradshteyn and Ryzhik, 2007) Int: ¼ for x 3 < Sðx 1 ; x 2 Þ with C pn ðx 1 ; x 2 Þ 6 0; or C pn ðx 1 ; x 2 Þ > 0: 
Note that the elastic field solution given in Eq. (48) is also applicable to the trivial case of d pn = 0.
Case 2. A straight dislocation segment parallel to the plane of isotropy (T m T pn )
In this case, we assume that AB lies on the plane x 3 = x 3const , where x 3const is a constant. Thus the elastic field solutions have the same form as in Eqs. 
where k m = k pn if and only if x 3 ¼ x 3const , and k pn = 0 if and only if (d m Â l m ) Á k = 0, with k being the unit basis vector in the x 3 -direction of the Cartesian coordinates. Eq. (50) can be further expressed as a linear combination of two types of integrals below (Gradshteyn and Ryzhik, 2007) Int:
Int: ¼ 
Analytical expressions of the line integrals needed in Eqs. (35a)-(36c) for Case 2 are given in Appendix B.
Case 3. A straight dislocation segment neither normal nor parallel to the plane of isotropy (l pn -0 and T m XT pn ).
In this case, the integrals defined in Eq. (40) can always be expressed in terms of linear combinations of the integrals in Eq. (45) By means of the following substitution (Gradshteyn and Ryzhik, 2007 , where a printing error has been corrected here)
the integrals in Eq. (55) can be transformed into those of the form When handling the integrals in Eq. (58), one should keep in mind the following two important points:
(i) Regardless of the complexity of c a , the integral variable s is always real-valued due to the following relations
(ii) When minfx 3A ; x 3B g < x 3 < maxfx 3A ; x 3B g, the integral interval with respect to s must be divided into two parts because of the following relation
when minfx 3A ; x 3B g < x 3 < maxfx 3A ; x 3B g ð 63Þ
Based on the above observations, the integral in Eq. (58) is equivalent to Int:
For further reduction and simplification of Eq. (64), we only need to follow exactly the same procedure as presented in Case 2. Analytical expressions of the line integrals needed in Eqs. (28a)-(29c) for Case 3 are listed in Appendix C.
As an immediate application of the above analytical integrals, we now calculate the quasi solid angle X 3 of an arbitrary polygonal dislocation loop ABC. . .DA, which consists of a finite number of straight dislocation segments AB, BC, . . . and DA. By virtue of Eq. (33), we are able to derive an explicit formula for X 3 as 
corresponding to Case 1, and the calculation of U has been illustrated in Section 5.
The most striking advantage of Eqs. (67a-c) lies in the fact that, the result is totally determined by two end points A(x 1A , x 2A , x 3A ) and B(x 1B , x 2B , x 3B ) of the straight segment AB and one field point (x 1 , x 2 , x 3 ); thus one does not need to introduce any auxiliary point into the calculation and know any information about the cut surface. Moreover, the function arctan(x) is single-valued which ranges from -p/2 to p/2. In other words, Eqs. (67a-c) is very convenient and efficient in calculating the quasi solid angle X 3 and the traditional solid angle X (c 3 = 1 in this case). The related issue was also discussed by Barnett (1985 Barnett ( , 2007 .
In summary, for a straight dislocation segment of arbitrary orientation, the induced displacement and stress fields are expressed in terms of elementary functions. We also remark that our stress formulae for segments are more explicit than Willis' formula (Willis, 1970) in the transversely isotropic case, and that, to the best of our knowledge, the displacement formulae for segments presented in this paper are new and simple. In the next section, we return to the closed dislocation loop case and provide a new analytical solution for a circular dislocation loop parallel to the plane of isotropy.
A circular dislocation loop parallel to the plane of isotropy
As a special case of our solutions (35a)-(36c) in Section 5, we now consider a flat, circular dislocation loop of radius r 0 parallel to the plane of isotropy with its center at the origin of coordinates. The Burgers vector b (b 1 , b 2 , b 3 ) over the circle is uniform and the induced fields are expressed in terms of the cylindrical coordinates (q, h, x 3 ).
From Eqs. (35a)-(36c), the displacements and stresses can be written explicitly as
and r 11 ¼ c 44 r 0 2p for q -r 0 and q -0
in which K(k) and E(k) are the complete elliptic integrals of the first and second kinds with modulus k, and P(n, k) is the complete elliptic integral of the third kind with modulus k and parameter n, and (Khraishi et al., 2000) R i ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
During the derivation of Eq. (69a), use has been made of the following relation
which can be proved by direct substitution. We remark that Eqs. (71a)- (72d) are also applicable to the trivial case of q = r 0 , provided that all the terms involving P(n, k i ) vanish. For the trivial case of q = 0, the integrals in Eqs. (71a)- (72d) can be integrated directly and the results are omitted here due to its simplicity. Furthermore, when q = 0, Eqs. (68a)-(69c) are valid, provided that all the terms involving I 3i /q and J 4i /q vanish, which can be verified by utilizing the L'Hopital's rule when q ? 0. We finally remark that our new solutions given in Eqs. (68a)-(69c) are mathematically identical to those derived by Ohr (1972 Ohr ( , 1973 ; however, our solutions are more explicit, and are applicable to arbitrary field points.
Numerical examples and discussions
In this section, our explicit solutions are applied to a couple of dislocation cases to verify their accuracy while illustrating certain interesting features we pointed out in previous sections.
Example 1: The quasi solid angle X 3 of a planar triangle ABC.
In this example, the quasi solid angle X 3 is investigated by virtue of Eq. (66). In Cartesian coordinates (x 1 , x 2 , x 3 ), Fig. 4 shows the variation of X 3 with x 3 for a generally oriented planar triangle ABC, with its three vertices being at dimensionless locations A(3,0,0), B(0,2,1) and C(0,0,3). Fig. 5 shows the variation of X 3 with x 1 for a planar triangle ABC, with its positive normal in the x 1 -direction and its vertices at dimensionless locations A(0,0,0), B(0,2,1), and C(0,0,3). As verification, the traditional solid angle X of a planar triangle ABC is also calculated by simply setting c 3 = 1 in Eq. (66), and the numerical results are compared with those by Oosterom and Strackee (1983) . It is clear from Figs. 4 and 5 that Eq. (66) is accurate. Moreover, the discontinuities in these two figures are clearly illustrated by our expression (66): The discontinuities at x 3 = 1 in (66). The effect of c 3 on X 3 is also observed from these figures.
Example 2: A glide circular dislocation loop parallel to the plane of isotropy.
For this problem, on the one hand, the analytical solution in terms of complete elliptic integrals is available, as given in Section 7 of this paper and in Ohr (1973) . On the other hand, a circular loop can be approximated with arbitrary accuracy by a series of end-to-end connected straight dislocation segments. Therefore, this will help verify our solutions for both circular dislocation loops and straight dislocation segments.
Shown in Figs. 6 and 7 are, respectively, the displacement component u 1 and the stress component r 13 produced by a glide circular dislocation loop of radius r 0 (=50b) with its centre being Fig. 4 . Variation of X 3 of a generally oriented triangle ABC with x 3 (x 1 = 1, x 2 = 1). at (0,0,0), subjected to a constant Burgers vector (b,0,0) on its face. When applying the straight segment solution, an inscribed regular 32-side polygon is used to approximate such a circle. It is observed from Figs. 6 and 7 that, the numerical results of our polygonal loop solution in terms of the straight segment solutions, i.e., (35a)- (36c) plus (39) and (40), are in good agreement with those of our circular loop solution (68a)-(69c) and those of Ohr's solution. For other displacement and stress components, the numerical results via these three different approaches also agree well with each other. The elastic stiffness constants of transverse isotropy used here, as well as in the subsequent Examples 3 and 4, are those of graphite (Ohr, 1973) ), which are determined by the Voigt average for graphite (Hirth and Lothe, 1982) . We also remark that all the results presented in Example 2, 3 and 4 are dimensionless.
Example 3: An inclined, planar hexagonal dislocation loop. In this Example 3, we consider an inclined, planar hexagonal dislocation loop ABCDEF subjected to a constant Burgers vector (b/ p 2, Àb/ p 2, 0) on its face, with the six vertices being at A(a, 0, Àa), B(0, a, Àa), C(Àa, a, 0), D(Àa, 0, a), E(0, Àa, a), F(a, Àa, 0) where a = 50b, as shown in Fig. 8a . Fig. 8b is needed in the next example.
The induced displacement and stress components are evaluated based on our exact closed-form solutions (28a)-(29c) plus (39) and (40) 
Only the non-zero components of displacements and stresses are depicted here. It is observed from Figs. 9 and 10 that, while the dislocation-induced displacements are very close to each other a b in the transversely isotropic and isotropic full spaces, the induced stresses in these two full spaces are very different. Furthermore, due to the material anisotropy, an extra shear stress component r 12 is introduced, apart from the stress component r 13 which is also observed in the isotropic full space. Example 4: Non-uniqueness of the elastic field of a straight dislocation segment.
To illustrate the non-uniqueness of the displacement and stress fields due to a straight dislocation segment, we consider a planar hexagonal dislocation loop of side-length a parallel to the plane of isotropy, with its six vertices being at A(a, 0, 0), B(a/2, p 3a/ 2, 0), C(Àa/2, p 3a/2, 0), D(Àa, 0, 0), E(Àa/2, À p 3a/2, 0) and F(a/2, À p 3a/2, 0), as shown in Fig. 8b . Since the introduction of the three integral identities (27a-c) only changes the form of the elastic field solution related to the third component of b, a prismatic loop with Burgers vector (0, 0, b) is studied here (a = 50b), and we focus only on the representative segment AB of this loop in our discussion. Two types of infinitesimal dislocation line element, corresponding to two different line-integral representations of the elastic field due to an arbitrary dislocation loop, are adopted to develop the straight dislocation segment solutions, i.e., Solution-1: the one corresponding to Eqs. (28a)-(29c), and Solution-2: the one constructed by re-substituting Eq. (27c) into Eq. (28a), Eq. (27a) into Eq. (29a), and Eq. (27b) into Eq. (29b). Note that u 3 and r 33 are not affected by this procedure, thus will not be discussed below.
The numerical results for the displacement and stress fields based on these two different solutions are shown in Figs. 11 and 12. It is observed that, the displacements and stresses due to the single segment AB based on Solution-1 are obviously different from those based on Solution-2; however, for the closed planar hexagonal loop, both solutions predict the same unique elastic field, no matter which kind of dislocation line element is utilized to construct this closed loop. We also point out that, since the stresses r a3 due to segment AB based on these two solutions differ from each other only slightly, the corresponding curves are omitted.
Conclusions
In this paper, we have derived a simple line-integral representation of the displacement and stress fields due to an arbitrary dislocation loop in a transversely isotropic elastic full space. In the case of transverse isotropy, our displacement formulae are simpler and more explicit than Indenbom and Orlov's formula (Hirth and Lothe, 1982) , and our stress formulae are simpler and more efficient than Mura's formula (Hirth and Lothe, 1982) . Particularly, we apply our line-integral solution for dislocation loops to a straight dislocation segment of arbitrary orientation, and for the first time we express both the induced displacements and stresses uniformly in terms of elementary functions. Meanwhile, we rigorously demonstrate the non-uniqueness of the elastic field due to an open dislocation segment. We further give a new explicit formula for calculating accurately and efficiently the traditional solid angle of an arbitrary polygonal dislocation loop. For a circular dislocation loop parallel to the plane of isotropy, a new explicit expression of the induced elastic field is also presented in terms of complete elliptic integrals, which is valid for arbitrary field points.
Unlike the previous treatment of the corresponding isotropic case in the literature, we have introduced three quasi solid angles to describe the displacement discontinuities over the dislocation surface in a transversely isotropic full space. Based on a convenient line integral representation of the quasi solid angle, we are able to extract a simple and intuitive step function to characterize the dependence of the displacements on the configuration of the dislocation surface. Further, we conclude that, for any complex assembly of dislocation loops which is entirely located within a finite cylinder normal to the plane of isotropy, the induced displacement field outside the cylinder can be totally determined by the integration over the closed dislocation lines, independent of the dislocation surface configurations inside.
We finally point out that, from the present line-integral representation for a finite dislocation loop, a closed-form solution for an infinitesimal dislocation loop can also be achieved by the limiting process, which is useful in developing numerical solutions of 3D crack problems via the distributed dislocation technique (Hills et al., 1996) . The present approach is also applicable to infinite straight dislocations of arbitrary orientation, provided that one calculates the involved divergent integrals properly in the finite-part sense. C 30 ¼ ÀD 2 pn C 20 À ðx i À x iA Þðx j À x jA Þðx l À x lA Þ C 41 ¼ C 11 K 00 þ C 00 K 11 ; C 40 ¼ C 11 K 11 þ C 10 K 00 þ C 00 K 10 C 51 ¼ 2T pn C 11 K 11 þ C 11 K 10 þ C 10 K 11 ; C 50 ¼ ÀD 
